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In this paper we discuss the uniqueness of the unitary representations of the non commutative 
Heisenberg-Weyl algebra. We show that, apart from a critical line for the non commutative position 
and momentum parameters, the Stone-von Neumann theorem still holds, which implies uniqueness 
of the unitary representation of the Heisenberg-Weyl algebra. 

PACS numbers: ll.lO.Nx 



In commutative quantum mechanics a particle moving in d-dimensions is described by a configuration space R"^ and 
a Hilbert space of square integrable wave functions ij'ix) over i?**. A key element in the actual construction of a 
quantum system, as well as for the identification of the observables, is to find a unitary representation of the abstract 
Heisenberg algebra 

[xi,Pj] = iMij, (1) 
[x^, Xj'\ — 0, 
[pi,Pj] = 0, 

in terms of operators Xi and pi acting on the space of square integrable functions. This is just the well known 
Schrodinger representation 

dtp (x^ 

= Xii>{x), Piipix) = ~ih— , (2) 

OXi 

which acts irreducibly and, from the Stone- von Neumann theorem, is known to be unique up to unitary transforma- 
tions. 

In the non commutative case the non commutative configuration space, which we take to be two dimensional for 
simplicity, is defined by the commutation relations 

[xi,Xj] = iOeij, (3) 

where we take without loss of generality to be a real positive number, while eij is the completely anti-symmetric 
tensor. Introducing the creation and annihilation operators 



= (4) 



which satisfy the Fock algebra [b, 6^] = 1, this configuration space is isomorphic to boson Fock space 

7^, = span{|n)^^(6t)"|0)};j=-, (5) 



where the span is taken over the field of complex numbers. 
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The Hilbert space in which the physical states of the system are to be represented, is the space of Hilbert-Schmidt 
operators acting on non commutative configuration space [l| 

TLq = {?A(£i,i2) : il^{xi,X2) G B{TLc) , trc(-0(ii, i2)^V'(ii, ^2)) < 00} . (6) 

Here trc denotes the trace over non-commutative configuration space, B (Tic) the set of bounded operators on Tic and 
the inner product is given by 

((/)(xi,£2), ^'(^1,^2)) = trc{(t>{xi, X2)^ 'ipixi, X2))- (7) 

The abstract Heisenberg algebra is replaced by the non commutative Heisenberg algebra, which reads in two 
dimensions 

[xi,Xj] ^ iOsi^j, (8) 
[pt,Pj] = 0. 

A unitary representation of this algebra in terms of operators Xi and Pi, acting on Tig, and which is the analog of 
the Schrodinger representation of the Heisenberg algebra is given by [l| 

X^1p{xi,X2) = Xi'llj{xi,X2), 

Pi'ip{xi,X2) = ^ei^j[xj,^p{xi,X2)], (9) 

i.e., the position acts by left multiplication and the momentum adjointly. 

The question that naturally arises at this point is whether this representation is unique, up to unitary transforma- 
tions, as is the case with the Schrodinger representation. This is equivalent to the question whether the Stone-von 
Neumann theorem also applies in this case. We address this issue next in a slightly more general setting where we 
also allow the momenta to be non commuting. Note, however, that the representation ^ only applies in the case of 
commuting momenta. 

Let us consider the non commutative Heisenberg algebra 

[xi,Pj] = i^Sij, (10) 

where i,j = 1, 2. 

The approach we shall take to proof the uniqueness of the unitary representations of these algebras, is to first find 
real linear combinations of the non commuting position and momenta that satisfy the standard Heisenberg algebra. 
Once this has been achieved, wc know from the Stonc-von Neumann theorem that unitary representations of these 
linear combinations are equivalent and thus unique. The unitary representations of the original algebra that can be 
derived from these must therefore also be unique up to unitary transformations. For this argument it is essential to 
take real linear combination, otherwise the derived representations may not be unitary. Conversely, if we can find a 
unitary representation of the original algebra, we can construct a unitary representation of the Heisenberg algebra 
through these linear combinations. Again the uniqueness of the representations of the Heisenberg algebra imply that 
the unitary representations of the original algebra must be unique. 

We therefore seek real linear combinations of the coordinates and momenta that satisfy the Heisenberg commutation 
relations. Let us set 

Vi — Xi -\- ClCi_jPj, 

(ji ^ Pt~ bei^jXj, (11) 
with a, 6 G and require them to satisfy the Heisenberg algebra 

[y^ , Vj] = 0, 
[qt , qj] = 0, 

[Vt , qj] = i^Si^j. (12) 
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A simple calculation yields the following solutions for a, b: 

a = , & 7 , A = n -76*, (13) 

and the commutator 

[y, , 9j] = i {h{l + ab) - {bO + 7a)) (5,^ = iJ:S,j (14) 
Since S vanishes for the values (a, 5) — (a+,6~) or (a, 6) = (a^,6+), the possibles transformations are 

.± _ . ?i±\/A . 

— ^i,jPji 

7 

9» = P» ^ eij2:j. (15) 

with the algebra 

[yf^vf] = 0, 
[9^,9^] = 0, 

[yf,qf] = 2^A(?i±^/A)5,.,. (16) 

In the case of A > 0, this algebra is completely isomorphic to the Heisenberg algebra, which is obtained by a simple 
scaling transformation that replaces 2^(?i ± -s/A) by %. Furthermore the linear combinations in are then real. 
In the case of A < new coordinates and momenta are constructed as follows 

yi = 72^2 + api, 
2/2 = dp2 - ail, 
qi = bxi - 9p2, 

92=7^2+^^1- (17) 
Requiring them to satisfy the Heisenberg algebra yields the following solutions for a, b 

a , b , (18) 

as well as the commutator 

[y^,qj] = ~i {h{-f9 + ab) + -f9{a + b)) 5i^j = iJ:6,j. (19) 

For the values (a, b) = (a+, 6+) or (a, b) = (a^, 6^), S = so that the possible transformations are 

, -76*+ V-76'A 
Vi = 72^2 H ^ Pi, 



% = C'P2 T Xi, 



9l = -^^^2 H r Xi, 



with algebra 



92 = 7a;2H r Pi, (20) 



= 0, 

[yt,qj] = -2^^A<5,„ 

[r,^] = 0- (21) 
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For A < 0, this algebra is again completely isomorphic to the Heisenberg algebra, which is obtained by a simple 
scaling transformation that replaces —2^ A by h and the linear combinations in ([T7]) are real. 



If we have a set of hermitian operators yf^ , qj representing the Heisenberg algebras (|16p and (|2T|) on some Hilbert 
space, we can construct a set of hermitian operators satisfying the original non commutative Heisenberg algebra via 
(fTTj) and (HZ]), respectively. In this regard the distinction between A > and A < is important to ensure hermiticity 
of these operators. Now we can also address the uniqueness of this representation by implementing the Stone-von 
Neumann theorem. Associated with the hermitian operators yf^ that represent the Heisenberg algebras (|16p and 
([2T|) . we can construct from Stone's theorem[2] a set of unitary bounded Weyl operators 



C/±(a) 



E2 
^ 3 = 1 "3 



with a = (ai,a2),/3 = (/3i,/92) e 



with 



In the case of (PT|) they satisfy 



These operators satisfy in the case of ([T6l) 
V^{P)V^{p') = F±(/3 + /3'), 



wf(a,/3) = -2 — (?i± VA)(ai/3i + a2/32). 
7(7 



?7=^(a)t/^(a') = [/±(a + a'). 



(22) 



(23) 



(24) 



C/±(a)FT(/3) = 



^^(/3 + /3'), 
e"^^("'''V=F(/3)C/±(a), 



where 



w^(a,/3) = ^2 (a,/5) = t^2(a,/3) 



2A^(ai/3i 



(25) 



(26) 



For 7^ 70, the forms wj*^, UJ2 are bilinear and non degenerate on E? and the Weyl systems and (|25p satisfy the 
Stone-von Neumann uniqueness theorem stated as in e.g. Q: Consider pairs (U, V) of unitary operators on a Hilbert 
space TL, satisfying the commutation rule 

U{x)V{y) = exp(ic^(x, y))V{y)U{x) (27) 

where to : i?" x i?" ~* R is bilinear and non degenerate. Such pairs are all equivalent to multiples of the standard 
Schrddinger representation on L^{R"). 

This implies that the unitary representation yf, of the Heisenberg algebras p6)) and ((2T|) is unique, up to unitary 
transformations, and therefore also the unitary representation ii, pj of the original non commutative Heisenberg 
algebra constructed via pT|) and ([T7]). As ([5]) is a special case with 7 = 0, it follows that this representation is unique 
up to unitary transformations. Note that in this case the linear combination with a smooth limit as 7 — > must be 
taken. 

The conclusions above, of course, fail on the critical line ti^ = "/6 where the non degeneracy of the forms 10^,102 
is lost and the Stone-von Neumann theorem does not apply. Allowing the momenta to be non commuting entails 
two phases separated by the line — ^9 where the Stone-von Neumann theorem does hold. The two phases of the 
noncommutative quantum mechanics is also discussed in detail in [J 
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